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An undirected graph is called k-regular if exactly k edges meet at each
vertex. The eigenvalues of the adjacency matrix of a finite, k-regular graph I"
(assumed to be undirected and connected) satisfy |\;| < k, with k occurring
as a simple eigenvalue. Let A(T') denote the maximum of {|\;| : |\;| # k},
and let N denote the number of vertices in I'. The diameter of I" can be
bounded in terms of N and A(I'). Chung ([5]) and Sarnak ([7]) have derived
the estimate
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which will be our Theorem 2.

Following Brooks ([2]), we define graph-theoretic spherical functions Sy
on the universal cover of I', and apply the techniques of the Selberg pre-trace
formula to write a spectral expression for the number of paths of length n
joining two vertices x and y in I'. Calling this number K, (z,y), we have, as
Lemma 9.4,

Kle,y) = k(k=1"" 3" S (m)ela)e

where {(;} is an orthonormal set of eigenfunctions for the adjacency operator,
in correspondence with the eigenvalues {\;}.



We then use the spectral expression for K., (x,y), where r > 1 is the
injectivity radius of I', along with the ideas used to prove Theorem 2, to
derive a new diameter estimate in Theorem 3:
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Finally, in Section 12, we argue that the bound given by Theorem 3 is
usually stronger than the bound in Theorem 2.

1 The adjacency matrix

Let T" be a k-regular, connected, undirected graph with a finite number N of
vertices. We assume [' has no loops or multiple edges, so that its adjacency
matrix A is a symmetric, irreducible zero-one matrix with no ones on the
diagonal and exactly k£ ones in each row and column.

We will use the notation “x ~ y” to mean the vertices x and y are joined
by an edge. Also “x € I'” will be taken to mean x is a vertex in I'.

A walk in I is a sequence xg, x1, ..., x, of vertices such that z;_; ~ x; for
1 =1,...,n. The vertices xy and x,, are the endpoints of the walk and the
number n is its length. Let W,,(x,y) denote the number of walks of length n
whose endpoints are z and y. Then it is easy to see that

Wiz, y) = [An]xy (1)

where we have used the notation [M],, for the entry of the matrix M in the
row associated with the vertex z and the column associated with the vertex
Y.

A path in T" is a walk xg, x1,...,x, such that x; # x; o for 1 = 2,... n.
That is to say, a path does not double back by traversing the same edge twice
in succession. We will let K, (x,y) denote the number of paths of length n
whose endpoints are x and y. An expression for K, in terms of A is somewhat
more complicated than (1), and will be the subject of a later section.

The distance between two vertices = and y, denoted dist(z,y), is the
length of the shortest walk whose endpoints are x and y. We are assuming



that I' is connected, so all distances are finite. The diameter of I' is the
maximum of dist(x,y) over all pairs (z,y).

A walk or path zg,x1,...,x, is closed if zy = z,. A graph T is said to
be bipartite if it has no closed walks of odd length. In terms of our present
notation, I' is bipartite if and only if W, (x,2) = 0 for all odd n and all
vertices x. Because I' is connected, the matrix A is irreducible, and the
condition just stated is equivalent to the period of the matrix A being even.
Since we have

[AQ]M = k#0 (2)
for all vertices x, we can say even more:
Lemma 1.1 The period of A is 2 if I is bipartite, and 1 if T is not bipartite.

Because A is symmetric, all its eigenvalues are real. Furthermore, the
k-regularity of I' means that all the row sums of A are equal to k. Lemma
1.1 and the Perron-Frobenius theorem then imply

Lemma 1.2 Let A be the adjacency matrix of a finite, connected, k-reqular
graph I'. Then

(a) the number k is a simple eigenvalue of A;
(b) the number —k is a simple eigenvalue of A if and only if I is bipartite;

(c¢) all other eigenvalues \ of A satisfy |\ < k.

Let A(I") denote the absolute value of the next-largest eigenvalue of A,
that is

AMI) = max{|A| : X € Spec(A), |\| # k}. (3)



2 The adjacency operator

By a function on I', we will mean a real-valued function on the vertices of
['. If " has N vertices, then space of such functions is isomorphic, as a real
inner-product space, with RY. If ¢ and 1 are two functions on I, we will
write their inner product with angle brackets:

(o) = > pla)(x). (4)

zel
If ¢ is a function on I', then we can write ¢ as a column vector

e(x) = (p(z1) p(x2) - plan)) (5)

where z; is the vertex associated with the i*" row of the adjacency matrix A.
We then obtain a new function Ay by matrix multiplication. In fact, the i*®
entry of the column vector Ay is given by

Agl; = Y ola)). (6)

ZTjvTg

In more operator-like notation, we have

(Ap)(x) = > vy (7)
Yy~x
We will take expression (7) as our definition of the adjacency operator A
on the space of functions on a graph.
We have already remarked that the spectrum of A (as a matrix, but also
as an operator) is a subset of the real line. In the sequel, we will write the
spectrum of A as {Ao, A\1,..., Ay_1} with

E=X>M2>2X2>" 2> AN (8)

Furthermore, because A is self-adjoint (it is represented by a symmetric
matrix), there exists a corresponding orthonormal basis of eigenfunctions of
A, which we will write

{@o, 1, o1} 9)



3 Aside: the Laplacian

A more familiar operator in the field of spectral geometry is the Laplacian
operator, A, which appears so prominently in the heat equation and the wave
equation. A reasonable way to define a Laplacian operator on a graph is

(Ap)(z) = D (ple) = oy), (10)

where ¢ is a function on the graph.
If T is k-regular, the right-hand side of (10) is easily seen to be

ko(z) — D e(y) (11)

Y~

so that

A = kI-— A, (12)

where I represents the identity operator.

It follows that the spectrum of the adjacency matrix A is the image of
the spectrum of A under an affine transformation. Thus the number A(I),
loosely speaking, represents the “fundamental frequency” of the graph I'. The
analogy is not perfect, because A(I') may correspond to either the lowest or
the highest frequency among the nontrivial steady-state solutions to the wave
equation on I'. Nonetheless, we will treat A(I') as an “observable,” and base
our diameter estimates on this number.

4 The spectrum on a bipartite graph

If T" is bipartite then, as the term suggests, we can partition the vertices of
I' into two sets with the property that no two vertices of the same set are
joined by an edge. Let us arbitrarily assign a parity to each of these two sets:
sgn(z) will be “even” if x belongs to the even set and “odd” if z belongs to
the odd set.



Lemma 4.1 Suppose I' is bipartite. Let ¢ be a function on I' such that
Ap = g for some real number \. Define a new function v by

() = (1)@ p(z). (13)
Then A = — .
Proof.
(Ap)(z) = > ¥(y) (14)
= ) (-1 We(y) (15)
= =) (-1 Pe(y) (16)
= —(—1*""(Ap)(x) (17)
= A1) p(x) (18)
= —\(v) (19)
O

Corollary 4.2 Let I be a k-reqular bipartite graph with adjacency spectrum

]{3:)\0>)\1Z)\QZ"'Z)\N_2>>\N_1:—]{Z. (20)

Let {¢o,1,...,on-1} denote an orthonormal set of eigenfunctions corre-
sponding to {\o, A1,...,An_1}. Then for eachi € {0,1,..., N — 1},

(a) An-1-i = —Ni;
(b) we may take on_1_i(x) = (—1)*"@ip;(x);

(c) in this case,

On—1-i(T)pn—1-i(y) = (—1)diSt($’y)90i($)SOi(y)- (21)



Proof. Parts (a) and (b) follow from Lemma 4.1 and the existence of an
orthonormal basis of eigenfunctions. From part (b), we have

pn-1i(@)en-1-i(y) = (1O ()0, (y). (22)

To prove (c), we observe that sgn(x) = sgn(y) if and only if dist(z,y) is

even. 0
5 Wulz,y)

We write the walk-counting function W, (x,y) in terms of the numbers A,
and the functions ;.

Lemma 5.1

Z Aopi ()i (23)

Proof. We have already observed that

Wiz, y) = [An]wy' (24)

Let ® be the N x N matrix whose columns are the eigenfunctions ;.
The following are immediate

(a) @ is unitary: &~ = d',

(b) ® diagonalizes A: ®AP' = D, where D is the N x N diagonal matrix

with diagonal entries Ag, A1,..., An_1.
Then
[A"ay = [q)tD"@] (25)
= Z AL pi(m) i (26)



6 A spectral diameter estimate

In addition to what we know about the spectrum of A on a k-regular graph,
we will make use of two facts about the eigenfunctions ;. We state them as

Lemma 6.1 For each vertex x € I,
(a)

wo(z) = (27)

4

(b)

> o) = 1 28)

Proof. The constant function 1 satisfies A1 = M\g1, where \g = k is a
simple eigenvalue. Thus ¢q is a multiple of the constant function, and since
(00, w0) = 1, we must have g = \/LN’ establishing part (a).

Part (b) follows from the orthonormality of the ¢;. If ® is the N x N
matrix whose columns are the ¢;, then ® is unitary, so that its rows, as well
as its columns, are orthonormal. A row of ¢ takes the form

(po(z) pr(x) - on-1(z)) (29)

and part (b) is just the assertion that this row vector has norm 1. O

Our first spectral diameter estimate, which will set the pattern for those
to follow, is found in [4].

Theorem 1 Let I' be a k-regular graph with N vertices.
(a) If T is not bipartite then

log(N — 1)
log k — log A(T")

diam(I') < +1 (30)



(b) If T is bipartite then

log(N —2) — log 2
—  logk —log A(I")

diam(T) +2 (31)

Proof. Choose = and y such that dist(z,y) = diam(I"). If n is a non-negative
integer less than dist(z,y), then clearly W, (z,y) = 0. By Lemma 5.1, then,

i

0 = At pi()ei(y). (32)

%
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We know that Ay = k and po(x) = ¢o(y) = 1/v/N, so we can write

g N2l
0 =+ ; Alpi(x)eily) (33)
which implies that
n N-1
N = > Mei)eiy)| - (34)
=1

Assume now that I" is not bipartite. Then (A(I"))™ is the greatest element
of the set {|A!| : ¢ = 1,...,N — 1}. Applying the triangle inequality, the
observation just made about A(I'), and finally the Cauchy-Schwarz inequality,
we obtain, from (34),
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Lemma 6.1 implies that

N-1 N-1 1
2(y) = ) =1— —. 38
;:1 ©; (y) ;:1 v; (x) N (38)
Putting this into (37), we get
kn 1
— o< M) (1-=
v < eor(1-5) (39)

which yields the upper bound

log(N — 1)
log k — log A(T")

(40)

This is true for each n less than dist(x,y) = diam(T"), and we conclude
that

log(N — 1)
~ logk —log A(T")

diam(T") + 1. (41)

Now suppose I' is bipartite. If the parity of n is different from the parity
of dist(z,y), then parts (a) and (c) of Corollary 4.2 imply that

Mv_ipn—i(®)en—i(y) = —A'wi(r)pi(y) (42)

for each 4. In this case the right-hand side of equation (32) is trivially zero,
and the equation yields no information. If, on the other hand, the parity of
n agrees with the parity of dist(x,y), then for each 1,

Myv_1ion—1—i(@)en—1-i(y) = Aoi(z)pi(y) (43)

and equation (32) may be decomposed thus:

pn N2
0 = 2N+;Ai wi(r)i(y). (44)

10



Imitating our previous computation ((35) - (37)), we write

Y = | S aaea) (45)
< OO le@e) (46)

s(mwliﬁ@>(iﬁ@> (@

Using the fact that ¢on_1(z) = £¢o(x) and both parts of Lemma 6.1, we
find that

Y =Y i =1- = (49

Plugging this into (47), we continue:

2 < oo (1-3) (49)

k" N —2
ooy o (50)
n < log(N —2) — log2. (51)

log k — log A(T")

We had to assume that n was less than diam(I') and of the same parity
as diam(I"), so we can conclude that

log(N — 2) —log 2
—  logk —log A(I")

diam(T") + 2. (52)
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7 Polynomial diameter estimates

We can improve on the estimate in Theorem 1 by making better use of our
observation that

=

-1

0 = Aoi(x)pi(y) (53)

i

Il
=)

for any non-negative integer n less than dist(z,y). Let x and y be such that
dist(z,y) = diam(T"), and let {p,, : n =0,1,2,...} be a family of polynomials
such that the degree of p, is n. Then it follows from (53) that

0 = Y n @) (54)

for each n less than diam(T").
Proceeding as in the proof of Theorem 1, we write this as

0 = pu(ho)pole +an )ei(y)- (55)

We know that \yg = k and ¢y = \/LN’ and let us assume that p, (k) will be

positive for each n. Then (55) implies that

Z_:pn(/\i)%(x)%(y) .

Next we apply the triangle inequality to get

Z [Pn(Ni)] i ()i ()] (57)

As in the proof of Theorem 1, our diameter estimate will turn out the
be the least n for which this inequality does not hold. Thus it is to our

12



advantage to make the left side of (57) as large as possible for each n, while
keeping the right side small. If I is not bipartite (and for now we will assume
that this is the case), then |\;| < A(I") for each \; appearing on the right side
of (57). We wish to select a family {p,} of polynomials, then, such that

(a) pn(k) is large for each n, and
(b) |pn(A)| is bounded for || < A(T).

The Chebychev polynomials (see [1])

T.(x) = cosh(narccosh(z)) (58)

satisfy

T (x)] <1 for |z] <1 (59)

and increase quite rapidly for x > 1. We do reasonably well by our criteria
above by setting

p(A) = T, <ﬁ) (60)

— cost (mareeosh (55 ) ). (61)

Then |p,(A;)| < 1in each term on the right side of (57), and the inequality
implies that

pn(k)
N

< Y la)e) (02

As before, we use the Cauchy-Schwarz inequality and Lemma 6.1 to get

IN

EatE) (Z 90?(93)> (Z ﬁ@)) (63

(1 - %) : (64)
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so that

(k) < N1 (65)

Since p,(k) = cosh(narccosh(yi)) and everything in sight is greater

M)
than 1, it follows that

k
) < _
n arccosh (A(F)) < arccosh(N — 1), (66)

and finally that

arccosh(N — 1)

arccosh (%) '

n

(67)

This is true, in particular, for n = diam(I") — 1, and we have proved part
(a) of the following theorem. Part (b) depends on a minor modification of
the same argument.

Theorem 2 Let I be a k-regular, connected graph with N wvertices.
(a) If T is not bipartite then

arccosh(N — 1)

diam(T") < + 1. (68)
arccosh (%)
(b) If T is bipartite then
h(f-1
diam(r) < 22°0° -1, (69)

arccosh (%)

Sarnak uses the same technique, but expresses the result slightly dif-

ferently in [7]. Chung presents a more general form of this theorem, not
requiring k-regularity, in [5].
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8 Polynomial estimates are better

Note that the approach we have used to prove Theorem 2 yields exactly the
result in Theorem 1 if, instead of using the Chebychev polynomials, we define
the family {p,} by

m = (51) - (70)

In fact, since this family of polynomials also satisfies

PN <1 for Al < A(T), (71)

we could write a proof of Theorem 1 identical to our proof of Theorem 2
except in the last step, where we would use logarithms, rather than the
inverse hyperbolic cosine, to dig out the number n.

In Theorem 1, the diameter bound is one more than the greatest n such
that

(%) < N-1 (72

and in Theorem 2 the bound is one more than the greatest n such that

cosh (navceost (1)) < V-1 (73)

To verify that the estimate in Theorem 2 is actually stronger than the
estimate in Theorem 1, then, we need only verify that

cosh <n arccosh (%)) > (%) (74)

for each n. Since k > A(I"), this requirement may be phrased more succinctly
as

cosh(n arccosh(x)) > 2" for = >1,n>0. (75)

This is true, and may be verified as follows.

15



Lemma 8.1 Let T,,(x) = cosh(n arccosh(x)). Let x > 1. Then
(a) To(z) = 2°; Ty(z) = 2t
(b) If n > 1 then T,(z) > a™.

Proof. Both statements in part (a) are immediate from the definitions. For
part (b), we wish to show that, under the stated conditions,

cosh(n arccosh(z)) > a". (76)

Since both sides of this inequality are greater than 1 (by hypothesis), we can
take the inverse hyperbolic cosine and find that the required inequality is
equivalent to

narccosh(z) > arccosh(z"). (77)

We will show that the expression

narccosh(x) — arccosh(z") (78)

is positive for x > 1 and n > 1. Recalling (or looking up) the derivative of
arccosh, we write (78) as

T 1 T tnfl
n ———dt — n —=dt. 79
e e )
We combine the two integrals to get
TV —1 — 2 -1
dt (80)

n
1 /@ =1 -1)
The denominator in the integrand is positive throughout the interval
(1,z), so we need only verify that the numerator is positive. (Since we already
know the antiderivative, we may safely assume that the integral converges.)
The numerator is positive if

Vi =1 > V2, (81)

Since n > 1 and t > 1, the subtrahend #*"~2 is greater than 1, so the

inequality holds.
OJ
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9 K,(v,y)

Next we turn to the function K, (z,y), which counts the number of paths of
length n whose endpoints are x and y.

Let I' be a k-regular graph with /N vertices, and let I';, be the k-tree, which
is the universal cover of I'. The adjacency operator on the space of functions
on I', will be denoted by A, and is defined analogously to the adjacency
operator on I', by expression (7).

Lemma 9.1 Let x € I'y, A € R. Then there is a unique function Sy, on I'y
such that

(a) Sx.(z) =1
(b) AS}\,&U - )\S)\,z
(c) Sxz(y) = Sxz(2) if dist(z,y) = dist(z, 2).

Proof. Let C(xz,r) denote the set of vertices {y € 'y : dist(x,y) = r}. If
r = 0, then the set C(x,r) contains just the vertex z. If » > 1 then C(z,)
contains exactly k(k — 1)"~! vertices.
By condition (c), the function S), is constant on each set C(z,7). We
will use the notation Sy(r) to denote the common value of Sy, on C(x,r).
Condition (a) fixes Sx(0). The value of S\(1) is determined by

A= ASy(0) (82)
= (ASy.)(x) (83)
= ) Saalv) (84)
= xygsm) (85)

implying that S)(1) = \/k.
If r>1and y € C(x,r) then we have

AS}\,LB(?J) = Sk,x(zl) + (k - 1)S>\,x(z2> (86>

where z; is some vertex in C'(z,7 — 1) and z» is some vertex in C(z,r + 1).
Thus

17



/\S)\(T) = SA(T—1)+(]€—1)S>\(T+1) (87)

This determines Sy (r+1) in terms of Sy(r) and Sy(r—1), and we conclude
that Sy is uniquely determined for all integers » > 0, and thus that S, , is
determined on all of I'y. O

We extract from this proof the following corollary:
Corollary 9.2 Sy(r) is an r'"-degree polynomial in X. Moreover, for r > 1,
k(k —1)""1S\(r) is a monic r'®-degree polynomial in . If r is even, then

Sx(r) is even, and if r is odd, then Sx(r) is odd.

Proof. In the preceding proof, we remarked that

5,(0) = 1 (88)
S\(1) = %)\ (89)

establishing our present claim for r = 0 and » = 1. For r» > 2, we refer to
(87), and adjust the index to rewrite the equation this way:

(k—1)Sy(r) = ASx(r— 1) — Sa(r — 2). (90)

Multiplying through by k(k — 1)"~2, we obtain

k(k—1)""'S\(r) =

(91)
MNe(k —1)"728\(r — 1) — k(k — 1)"2S\(r — 2).

By induction, k(k—1)""2S,(r — 1) is a monic, (r — 1)*-degree polynomial

in A with parity equal to that of » — 1. Therefore the first term on the right
in (91) is a monic, r*"-degree polynomial in A with the same parity as r. The
second term on the right is a polynomial of degree r — 2. Its parity (given by
r — 2) is also the same as the parity of . The sum of the two terms is thus
monic of degree r, with parity equal to the parity of r, as claimed. O

We note that Brooks, in [2], solves the difference equation (87), and the
resulting closed-form expression yields much information about the behavior

18



of the function S,. We will not need such detailed information here, however,
and will make do with the basic properties of S given in the preceding lemma
and corollary.

Let ¢ be a function on I' such that Ay = A\p. Let ¢ denote the lift of ¢
to the universal cover, I';. Let € I' and pick some lift & of . Let @* denote
the spherical average of ¢ about z, that is

P1) = &) (92)
g = WE 1) Z o(g) for dist(z,g) =r > 1. (93)

geC(z,r)
Then we have

Lemma 9.3
¢ = ¢(x)Sha (94)

Proof. Clearly the value of ¢*(7j) depends only on the distance from 7 to 7,
that is, ¢* is constant on each set C'(Z,7).
We claim that

A = @ (95)

where A is the adjacency operator on I'y, as given by (7). To see this, consider
(A@*)(7), where dist(Z, §) = r > 1. Because I'y is simply connected, we have

(Ag)(@) = & (21) + (k= D@ (%) (96)

where Z; is any element of C'(Z,7—1) and 2, is any element of C'(Z,7+1). We
sum this equation, letting g run through C(z,r), which contains k(k —1)"!
vertices.

> (AFHH) = (97)

geC(z,r)

(k= 1)""NAG)(G) = k(k =17 () + k(k = 1)@ (2)  (98)
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zeC(&,r—1) 2€C(3,r+1)

= > (A9)®) (100)
GEC(Z,r)

=AY ) (101)
geC(z,r)

= Me(k— 1)@ (). (102)

From (102) and the left side of (98), we conclude that

(A2 (@) = 2 () (103)

for dist(z,g) > 1.
If dist(Z, ) = 0, then § = 7, and we get

(Ag))(@) = > &) (104)
gel(z,1)

= > e (105)
§eC(%,1)

= (Ap)(T) (106)

= \g(@) (107)

= M (%) (108)

and we have established our claim (95).
If () is not zero, then the function

1@ = %@ﬁ@) (109)

Pz
depends only on dist(Z,7), and satisfies Af = A\f and f(Z) = 1. Therefore,
by Lemma 9.1, we have
f = Sz (110)

SO
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P = @(7)Shz (111)
= ©(x)S)z- (112)

If (%) = 0, then $*(Z) = 0. Using this fact and an induction argument
based on (103), it is easy to show that * is identically zero, and so the lemma
holds in this case, as well. O

Consider the function k, on I'y x I', given by

_ [ 1 ifdist(z,§) =n
ka(2,9) = {0 otherwise (113)

Let K, be the sum of the covering-map images of k,, that is to say, let
K,:I'xI' - R by

Ku(z,y) = Y ka(#,97) (114)

geG

where 7 is some lift of x, ¢ is some lift of y, and G is the group of covering
transformations of I';, over I'.

The sum on the right in (114) contains a 1 for each lift § of y in C(Z,n).
The unique path in ', from Z to each ¢ projects down to a path of length n
from x to y in I'. Conversely, the lift of any path of length n from x to y in
[, when the lift is started at Z, will terminate at some lift of y in C(Z,n).

This establishes that the function K,(z,y) is equal to the number of
paths of length n from x to y. We now have ready the machinery which will
allow us to write a spectral expression, in the spirit of the Selberg pre-trace
formula, for K,.

We want to express K, in this form:

Ku(z,y) = Z aijoi(x) e (y) (115)

for some coefficients a;;. Integrating both sides of (115) against the function
wi(y), we get
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Y o Ealw,y)erly) = D ayei@) Y eim)en) (116)

yel’ i, yel’
= D aypi()d (117)
i

= Y anpi(x). (118)

i

Turning our attention to the expression on the left side of (116), we let
&k be the lift of ¢, to 'y, and use the definition of K, (114), to write the
expression as a summation over vertices in I'j:

yel yel' geG

where 7 is some lift of x and y denotes some lift of each y € I". Because ¢,
is G-invariant, we can express the right side of (119) as

> D kal, 99)én(9d)- (120)

yel' geG

As g runs through G and y through I', the image gy hits every vertex in
I'y, exactly once, so we get

DK@ y)enly) = D k(@ D)Er(D)- (121)

yel yely

By the definition of k,, (113), this is equal to

> @) (122)

§€C(Z,n)

We now assume n > 1 and apply definition (93) to see that this is equal
to

k(k —1)" 34 (5) (123)
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where ¢ is any vertex in C'(Z,n). By Lemma 9.3,

2, = (@) S, (124)

so that (122) is equal to

k(k — 1" u(2)S), (). (125)

Substituting this back into (116), we get

k(k = 1" pp(@)Sy(n) = Y awpil) (126)

i

which implies that a;, = 0 if 7 # k and

ai; = k(k—1)""1S),(n). (127)
We have shown:
Lemma 9.4 Forn > 1,
Kuwy) = k=173 Sy (m)ei(@)ei(y). (128)

10 Broken paths

Let x and y be two vertices in I', and consider the expression

> K, 2)Km(2,y). (129)

zel

The term corresponding to a single z in the sum is equal to the number
of paths of length n from z to z times the number of paths of length m from
z to y. In other words, it is the number of walks from x to y which are made
up of a path of length n ending at z followed by a path of length m from z to
y. The entire expression, then, is equal to the number of walks from x to y
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of length m + n which do not double back, except possibly at the n'® vertex,
counting from .

We can use this idea to derive a spectral diameter estimate for k-regular
graphs which depends explicitly on the injectivity radius.

We define the girth of a graph to be the length of its shortest closed
path (excluding closed paths of length zero). Let g be the girth of I' and
let r = L%J Then the ball of radius r» about any vertex in I' is simply
connected, and therefore isomorphic to a ball of radius r in the k-tree. We
will call r the injectivity radius of I'.

Lemma 10.1 Let I' be a k-regular graph with N vertices, injectivity radius
r, and adjacency spectrum { Ao, A1, ..., An_1}. Let {@o,1,...,on_1} be cor-
responding orthonormal eigenfunctions. Then for each vertex x € T,

T

1

W. (130)

Sh(r)¢i (@)

I
=)

i

Proof. Consider the expression

> Ki(w,y)K.(y, ) (131)

yel’

This is equal to the number of walks, beginning and ending at x, com-
prising a path of length r followed by a second path of length r. Because the
ball of radius r about z is simply connected, the second path must coincide
(except for orientation) with the first. The vertex where the two paths join
together is at a distance r from x, and each vertex at this distance from x
determines exactly one walk of length 2r, beginning and ending at x. Thus
expression (131) is equal to the number of vertices at distance r from z.

The ball of radius r about x is isometric with a ball of radius r in the
k-tree, so the number of such vertices is k(k — 1)" 1.

We apply Lemma 9.4:

k(k — 1)
= Z Ko (z,y) K (y, )
yer . o (132)
=Kk =12 S S )wil@)eily) Y S, (i) ()
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so that

k(k — 1)
= k*(k —1)*Y Z Sx, (1) S, (r)ei(@) i () >~ @i(y)ps(y).

The functions ¢; are orthonormal, so

> wiw)eily) = 6

yel

and the right side of (133) becomes a summation over a single index:

N-1
Rk =11 = Kk =170 S5 (el (@).

i=0
We divide each side by k2(k — 1)2=1 to complete the proof.

11 Injectivity radius and diameter

(133)

(134)

(135)

We are now ready to state and prove our third diameter estimate, which

depends explicitly on the injectivity radius of the graph.

Theorem 3 Let I' be a k-reqular, connected graph with N wvertices and in-

jectivity radius r > 1.

(a) If T is not bipartite, then

arccosh (W — 1)

diam(I") < +2r+ 1.
arccosh (%)
(b) If T is bipartite, then
arccosh (% — 1>
diam(T) < Y )
arccosh (%)
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Proof. Let zy and yy be vertices in I such that dist(zg, yo) = diam(T"). Let n
be a positive integer such that n + 2r < dist(zg, yo). Consider the expression

:E: }{;(xo,m)VVg(w,y)]{;(y,yO). (138>

z,yel’

This is equal to the number of walks from x( to yy comprising a path of
length r followed by a walk of length n and then a second path of length r.
The total length of such a walk is n 4+ 2r. But the distance from z( to yy is
greater than n + 2r, so there are no such walks, and the expression must be
equal to zero.

Using the spectral expansions of K, and W, in Lemmas 9.4 and 5.1
respectively, we conclude that

0=
> iSAi<T)@i(x0>¢i(x) Z_A?wj(x)@j(y) - Sx(r)e(y)ei(yo) (139)

where we have divided out the constant factors k(k —1)"~!. Sorting out this
multiple summation, we get

IZ||

S (i8S (Nerlo) 3 ei@)es @) 3 e ety

1,7,0=0 zel yel

The functions ¢; are orthonormal, so

> wil@)ei(@) =6y and D ei()eily) = 0y (141)

zel yel’

and the entire summation collapses to a single index:

F

0 = D SK(MATei(zo)ei(yo)- (142)

s
Il
o
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This holds for each exponent n less than dist(zg,yo) — 2r, so, summing
over n, we obtain

i

0 = Sii ()P0 (Ai)wi(0) i (yo) (143)

%

I
o

where p,, is any polynomial of degree n < dist(xg, yo) — 2r. We set

(N = cosh (n arccosh (ﬁ)) . (144)

Assume that I' is not bipartite. We write (143) as

0 = (Ao)Sio( )o(To)®o(Yo)

+2pn )2, (F)er (o) i(vo). )

All the factors in the first term on the right are known: Ao = k, S), is
constantly equal to 1, and ¢y = \/LN Plugging these values in, we determine
that

N—

Z (r)i(zo)pi(yo)| - (146)

Because T is not bipartite, we have |\;| < A(T") fort =1,2,..., N —1, so
that

pn(Ni)] <1 for ¢=1,2,...,N —1. (147)

By the triangle inequality, then, we get

s |19 (1)@i(0) S, ()i (o) | (148)
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We apply the Cauchy-Schwarz inequality:

N|=

(255 ") 900) <Z S5, (1)¢? ?/0) : (149)

Using Lemma 10.1 and the known (constant) values for Sy, and ¢,, we
find that each factor on the right is equal to

(k:(k: —11)7"—1 - %) ’ (150)

thus
pa(k) < ﬁ ~1 (151)
k N
cosh <n arccosh <m)> < W1 1 (152)

arccosh (W — 1)
arccosh < T )) .

This holds for n = dist(zg,yo) — 2r — 1, and result (a) follows.
Assume now that I' is bipartite. Then for each i, Ay_1_; = —\;. The
polynomial p, () is even if n is even and odd if n is odd, so

(153)

pn(Av_1-i) = (=1)"pa(N) (154)

for each i. The functions Sy(r), considered as r‘f-degree polynomials in ),
have the same parity property (Corollary 9.2), so that

S (1) = S5.(r) (155)

for each 1.
Using these observations and part (c¢) of Lemma 6.1, we conclude that, if
the parity of n is different from the parity of dist(zo, yo),
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Po(AN—1-0)S%, , (M)en—1-i(z0)pn—1-i(y0)
= —pu(X:)S3, (1) @i(20) i (o)

so that the right side of (143) is trivially zero, and the equation yields no
information.

If, however, the parity of n agrees with the parity of dist(xg, yo), then we
have

(156)

Pu(An-1)S3,_, (r)on—1(z0)en—1(0)
= Pu(X0)S3, (1) o (o) o(yo) (157)
(k)

N
and equation (143) implies that

1N 82 (o)) (15%)

Becuase |\;| < A(') for i =1,2,..., N — 2, we have

pn(N)] <1 for i=1,2,...,N —2. (159)

Applying this and the triangle inequality to (158), we get

2pn]£[k) < i: 1Sy, ()i (20) Sy, ()i (yo)]- (160)

As before, we apply the Cauchy-Schwarz inequality:

2pnj(vk> = (2531(7”)80?(%0 (iﬁ(ﬂw?(w)) . (161)



We use Lemma 10.1 to evaluate each summation on the right. The ¢ = 0
and ¢ = N — 1 terms are missing, so each factor is equal to

(k(k —11)r—1 B %) ’ (162)

and we have

N

(k) < — 9 1
k N
cosh (n arccosh <W)> < W —1 (164)
arccosh ( s — 1
L (= — 1) 65,

arccosh (%)

This is true for each n less than dist(xg,yo) — 2r, provided the parity of
n is the same as that of dist(xo,yo). We set n = dist(xg,yo) — 2r — 2, and
the proof is complete. O

12 Using the injectivity radius is worth it

We verify that Theorem 3 actually improves upon Theorem 2, at least in a
very large number of cases. Specifically, we will show, in these cases, that

arccosh (k(k—]\[ﬁ — 1)

arccosh (%)

arccosh (N — 1)

arccosh <%) '

+ 2r

(166)

Clearly, this inequality will be “more unequal,” and therefore easier to
establish, when A\(T") is close to k, so that the denominators of the fractions
are small. We will show that (166) holds provided A(I') > 2vk — 1.

To show that this situation is quite general, we appeal to a result in the
spectral geometry of manifolds. Cheng’s theorem ([3]) gives an upper bound
on the first eigenvalue of the Laplacian on a compact, hyperbolic surface S.
It says that if S is large, then the first eigenvalue of the Laplacian can’t be
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much greater than 1/4. There is an analogous theorem for k-regular graphs
(see [7], Proposition 3.2.7 and [2] Theorem 4.4) giving a lower bound on A(T').
This theorem states that

AD) > 2vVE—1—¢() (167)

where € is some positive function which goes to zero as I' gets large.

Our proof of inequality (166) will begin with the hypothesis A\(I") >
2v/k — 1, but there will be a little slack in the computation — that is, the
result will really be proved for A(T") slightly less than 2v/k — 1 as well as
AT) > 2v/k — 1. For simplicity, we will not try to determine exactly how
much less, but, because of Cheng’s theorem, any amount of slack allows us
to infer the result for all sufficiently large graphs, in addition to all smaller
graphs with A(I") > 2k — 1.

We will make use of the following lemma.

Lemma 12.1 Let 1 <r < s. Then

arccosh(s) — arccosh(r) > log(s) — log(r). (168)
Proof.
arccosh(s) — arccosh(r) = /S dat > /S dt_ log(s) — log(r). (169)
“Love—1 ), B
0
We now state (166) as
Lemma 12.2 Forr > 1,k >3, N> k(k—1)""1, and A > 2vk — 1,
N
arccosh (W - 1) arccosh (N — 1)
. +2r _ (170)
arccosh (X) arccosh (X)
Proof. From \ > 2vk — 1, we get
k k
=~ 171
AT vk —1 1)
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k
We observe that cosh(log vk —1) = ——— and take the arccosh of

2VEk -1
both sides of (171):
k
arccosh (X) < logVvk—1. (172)
It follows that
k
2r arccosh (X) < rlog(k —1). (173)

k N -1
- and N = k(= 1) are both greater than

1, so we can add their logarithms to the right side (this is where the slack
first comes in):

k
2 h{~+
T arccos ( )\>

< rlog(k — 1) +log (L) +log ( Nl ) (174)

kE—1 N —k(k—1)—1
=log(N —1) —log (

From the hypotheses,

ﬁ”)'

Now we apply Lemma 12.1 (another source of slack), to get

k
2r arccosh (X)
N (175)
< arccosh(N — 1) — arccosh (W - 1) :
Dividing through by arccosh(%) and rearranging the terms in the obvious
way gives the result. O
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